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Abstract 



We study integrability and equivalence of L^-norms of polynomial chaos 
elements. Relying on known results for Banach space valued polynomials, a 
simple technique is presented to obtain integrability results for random el- 
ements that are not necessarily limits of Banach space valued polynomials. 
This enables us to prove integrability results for a large class of seminorms of 
stochastic processes and to answer, partially, a question raised by C. Borell 
(1979, Seminaire de Probabilites, XIII, 1-3). 
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1 Introduction 

Let T denote a countable set, X = {Xt)t£T a stochastic process and a seminorm 
on R^. This paper focuses on integrability and equivalence of L^-norms of N{X) in 
the case where X is a weak chaos process; see Definition II. 1[ Of particular interest 
is the supremum and the p- variation norm given by 



for / G R^. In the p-th variation case we assume moreover T = [0, 1] fl Q and 
TTn = {0 = < ■ ■ ■ < = 1} are nested subdivisions of T satisfying U,^i7r.„ = T. 
Note that if is given by (flTTl ). B = {x e : N{x) < oo} and ||x|| = N{x) for 
X E B, then {B, || ■ ||) is a non-separable Banach space when T is infinite. 
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Our results partly unify and partly extend known results in this area. For re- 
lations to the literature see Subsection ll.2[ We note, however, that in the setting 
of the present paper we are able to treat Rademacher chaos processes of arbitrary 
order as well as infinitely divisible integral processes as in (II ■2p below. 



1.1 Chaos Processes and Condition Cq 

Let JF, P) denote a probability space. When F is a topological space, a Borel 
measurable mapping X: Vt ^ F is called an F- valued random element, however 
when F = R, X is, as usual, called a random variable. For each p > and random 
variable X we let \\X\\p := E[\X\pY/p, which defines a norm when p > 1; moreover, 
let ||X||oo := inf{t > : P{\X\ < t) = 1}. When F is a Banach space, Lp{P;F) 
denotes the space of all F-valued random elements, X, satisfying ||X||ip(p.p') = 
F[||Xf]i/*' < oo. Throughout the paper I denotes a set and for all ^ ^ I, is 
a family of independent random variables. Set H = {7i^ : ^ E I}. Furthermore, 
(i > 1 is a natural number and F is a locally convex Hausdorf f topological vector 



space (I.e. TVS) with dual space F*. Following iFerniqud (119971 ). a map from F 



into [0, oo] is called a pseudo-seminorm if for all x,y E F and A G R, we have 

iV(Ax) = |A|iV(x) and N{x + y) < N{x) + N{y). 

For ^ G / let 'P^^(F) denote the set of p{Zi, . . . , Z„) where n > 1, Zi, . . . , Zn are 
different elements in and p is an F-valued tetrahedral polynomial of order d. 
Recall that p: R" — > F is called an F-valued tetrahedral polynomial of order d if 
there exist Xq, G F and / > 1 such that 

d k 
k=l l<ii<-- <ifc<i j=l 

For each F-valued random element X we will write X G V'^{F) if there exist 
{ik)k>i ^ I and Xk G (F) for /c > 1 such that X^ ^ X. Inspired by 



Ledoux and Talagrandl (119911 ) we introduce the following definition: 



Definition 1.1. An F-valued random element X is said to be a weak chaos ele- 
ment of order d associated with Ti if for all n > 1 and all (x*)^^]^ C F* we have 
{x\{X), . . . ,x*(X)) G V-)^{Ii"'), and in this case we write X G weak-V-j^iF). Simi- 
larly, a real-valued stochastic process {Xt)teT is said to be a weak chaos process of 
order d associated with H if for all n > 1 and (ti)^^i C T we have {Xt-^, . . . , Xt„) G 

Km- 

An important example of a weak chaos process of order one is {Xt)t£T of the form 

Xt= [ f{t,s)A{ds), teT, (1.2) 
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where A is an independently scattered infinitely divisible random measure (or ran- 
dom measure for short) on some non-empty space 5* equipped w ith a (5-ring; S, and 
s I— » f it, s) are A-integrable deterministic functions in the sense of Rajput and Rosinskil 



(1983). To obtain the associated H let / be the set of all ^ given by = {Ai, . . . , An} 



for some n > 1 and disjoint sets Ai, . . . ,An in 5, and let 

n^ = {A{A^),...,A{An)} and n = {n^}^^i. (1.3) 

Then, by definition of the stochastic integral (11. 2p as the limit of integrals of simple 
functions, {Xt)teT is a weak chaos process of order one associated with H. 

Another example is where {Zn)n>i is sequence of independent random variables 
and a:(t), Xj^,...,ij.(t) G R, are real numbers for which 



d k 

ij 1 



k=l l<ii<---<ik<oo j=l 



exists in probability for all t E T; then X = {Xt)t^T is a weak chaos process of order 
d associated with / = {0}, Hq = {Zn : n > 1} and TC = {T^o}- 

In what follows we shall need the next conditions: 
Notation, Condition Cg 

• For q G (0, oo), 7i is said to satisfy Cq if there exists /5i,/32 > such that for 
all Z G Ugg/TY^ there exists Cz > with P{\Z\ > cz) > Pi and 

E[\Z\'',\Z\> s]< /32s'P{\Z\> s), s>cz. (1.4) 

• H is said to satisfy Coo if U^g/TY^ C and 

f\\Z-E[Z]\\oo\ ^ 
sup sup ( ^^^-i II I = ps < oo. 



Remark 1.2. liTi satisfies Cq for some q < oo then for all p G (0, g) we have 

\\Z\ 



sup sup — -p < {P2 V lY^'p;^^" < 00. 



5e/ zgHj \\Z\\p 



This follows by the next two estimates: 

E[\Z\'^] = E[\Z\'^, \Z\ > Cz] + E[\Z\\ \Z\ < Cz] 

< f32clP{\Z\ > cz) + c%P{\Z\ < cz) < (/32 V 1)4 

and 

d'z(ii<^zP{\Z\>cz)<E[\Z\% 
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For example, when all Z E U^g/Ti^ have the same distribution, H satisfies Cq for 
all g G (0, a) for a > if a: i— » P(\Z\ > x) is r egulary varying with index —a, by 



Karamata's Theorem; see iBingham et alJ (|l989l . Theorem 1.5.11). In particular, if 



the common distribution is symmetric a-stable for some a G (0, 2) then H satisfies 
Cq for all q G (0, a). If the common distribution is Poisson, exponential, Gamma or 
Gaussian then Cq is satisfied for all g > 0. Finally H satisfies Coo if and only if the 
common distribution has compact support. 

As we shall see in Section [21 Cq is crucial in order to obtain integrability results 
and equivalence of L^-norms, so let us consider some cases where the important 
example (11. 2p does or does not satisfy Cq. For this purpose let us introduce the 
following distributions: The inverse Gaussian distribution IG(/i, A) with yU, A > is 
the distribution on 1R+ with density 



A) 



A 



1/2 



g-A(x-M)V(2/.2x)^ X > 0. (1.5) 



Moreover, the normal inverse Gaussian distribution NIG (a, P, /i, 6) with G R, 6 > 
0, and < P < a, is symmetric if and only if /3 = = 0, and in this case it has the 
following density 



fix; a, S) = K, {Sail + xH-^f') , x G R, 

where Ki is the modified Bessel function of the third kind and index 1 given by 
Kiiz) = \ e-''^y+y~'y^ dy for z > 0. 

For each finite number to > 0, a random measure A is said to be induced by a 
Levy process Y = (Ft)tG[o,to] if = [0,to], S = i3([0,to]) and A(A) = dY^ for all 
AeS. 

Proposition 1.3. Let to > 1 be a finite number, A a random measure induced by a 
Levy process Y = iYt)te[o.to] Ti be given by (11.31) . 

(i) IfYi has an IG-distribution, then Ti. satisfies Cq if and only if q E (0, |). 

(a) If Yi has a symmetric NIG- distribution, then Ti satisfies Cq if and only if 
gG (0,1). 

(Hi) IfY is nan- deterministic and has no Gaussian component, thenH does not sat- 
isfy Cq for any q >2. In fact, for all square-integrable non- deterministic Levy 
processes Y with no Gaussian component we have thatlimt^o\\Yt\\2/\\Yt\\i = oo. 

By the scaling property it is not difficult to show that if A is a symmetric a-stable 
random measure with a G (0,2], then TC satisfies Cq for all g > when a = 2 and 
for all g < a when a < 2. For a < 2 we have the following minor extension: Assume 
A is induced by a Levy process Y with Levy measure uidx) = fix) dx where / is a 
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symmetric function satisfying Ci|x|~^~" < f{x) < C2\x\~^~°' for some Ci, C2 > 0, then 
H satisfies Cq if and only if g < a. Proposition 11.31 gives some insight about when 
Cq is satisfied; however, it would be interesting to develop more general conditions. 
We postpone the proof of Proposition 11.31 to Section [3l 



1.2 Results on Integrability of Seminorms 



Let T denote a countable set, X = {Xt)t£T a real-valued stochastic process and 
a measur a ble p seudo-seminorm on such that N{X) < 00 a.s. For X Gaussian 
Fernique (Il970l ) shows that e'^^^^^^ is integrable for some e > 0. This result is 
extended to Gaussian chaos pro cesses bv iBorelll f ll978l . Theorem 4.1). Moreover, if 
X is a-stable for some a G (0, 2). lde Acostal ( 119751 . The orem 3.2) shows that N(XY is 
i ntegr able for all p < a. When X is infinitely divisible iRosihski and Samorodnitsky 
(I1993I) provide conditions on th e Levy measure ensuring integrability of iV(X). See 
also Hoffmann- JOrgensenI (1977) for further results. 

Given a sequence (Z„)„>i of independent random variables. iBorelll ( 119841 ) studies, 
under the condition 



sup 

n>l 



< 00, g e (2, 00] 



(1.6) 



integrability of Banach space valued random elements which are limits in probability 
of tetrahedral polynomials associated with (Z„)„>i. For q = 00, (11.61) is Coo but when 
q < 00 (11.61) i s weak e r than Coo, at least when (Z„)„>i are centered random variables. 



As shown in IBorelll (jl984l ). (11.61) implies equivalence of L^-norms for Hilbert space 
valued tetrahedral polynomials for p < q, but not for Banach space valued tetrahe- 
dral polynomials except in the case g = 00. Under the assumption tha t (Z„) n>^ are 
symmetric random variables satisfying Cq, iKwapieii and Woyczyhskil ( Il992l . Theo- 
re m 6.6.2 ) show t hat we have equivalence of L^-nor ms in the above setting. Contrary 



Borelll (1984), Kwapieh and Woyczyiiski ( 1992 ) and others, we consider random 



to 

elements which are not necessarily limits of tetrahedral polynomials, and also more 
general spaces are considered. This enables us to obtain our integrability results for 
seminorms of stochastic processes. 

Weak chaos processes appear in the context of multiple integral processes; see 
e.g. lKrakowiak and Szulgal (119881 ) for the a-stable case. Rademacher chaos processe s 
are applied repeatedly when studying [/-statistics; see Ide la Pefia and Gine (|l999h. 



They ar e also used to study infinitely d i yisibl e chaos processes; see 



Marcus and Rosihski 



( 2003 ). Rosiiiski and Samorodnitsky (1996), Basse and PedersenI (2009[) a nd oth- 



ers. 



Basse and GraversenI (2009[ ) extend 



Using the results of the present paper. ^ 

some results on Gaussian semimartingales (e.g. Jain and Monradf i 1982 ) and Strieker 
(Il983l )) to a large class of chaos processes. 
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2 Main results 



The next lemma, which is a combination of several results, is crucial for this paper. 

Lemma 2.1. Let F denote a Banach space and X an F-valued tetrahedral poly- 
nomial of order d in the independent random variables Assume that 
Ti = {Ho} satisfies Cg for some q G (0, oo], where Hq = {Zi, . . . , Zn}; if d >2 and 
q < oo assume moreover that Zi, . . . , Z„ are symmetric. Then for all < p < r < q 
with r < oo we have that 



||-'^IU'-{P;F) < kp^r,d,f3\\X\\Lp(^p-F) < OO, 

where kp,r,d,p depends only on p,q.,d and the (3's from Cg. 
may choose kp^rAP = A^^'^'^r'^''^ with Ad = 2'^/^+^'^. 



If q = oo and p > 2 we 



For q < oo and d = 1, Lemma EH] is a consequence of iKwapieh and Woyczyhski 
( 1992I. 2.2.4). Furthermore, for q G (1, oo) and d > 2 it i s taken from the proof of 
Kwapieii and Woyczyhskil (Il992l . Theorem 6.6.2) and using lKwapieh and Woyczyhski 



Fo r q 



oo. 



(Il992l . Remark 6.9.1) the result is see n to h old also for q G (0 , 1 ^ . 
Lemma 12.11 is a consequence of iBorelll (jl984l . Theorem 4.1). In iBorelll (j 19841 ) the 
result is only stated for 2 < p < r, however, a standa rd app l icatio n of Holder's 



inequality shows that i t is valid for all < p < r; see e.g. iPisien ( 119781 . Lemme 1.1). 
Finally, in IBorelll (jl984l ) there are no explicit expression for A^; this ca n, however, be 
obtained by applying the next Lemma [2?2] in the proof of IBorelll (|l984l . Theorem 4.1). 



Lemma 2.2. Let V denote a vector space, N a seminorm on V , e G (0, 1) and 
xo, . . . ,Xd e V. 



a a 

//iV(^^A'^Xfe) < 1 for all A G [-e,e] then N(^J2^kj ^ 2'^'/2+d^-^_ ^2.1) 



k=0 



k=0 



The proof of Lemma [2?2] is postponed to Section [3l 

An F-valued random element X is said to be a.s. separably valued if P{X G 
A) = 1 for some separable closed subset A of F. We have the following result: 

Theorem 2.3. Let F denote a metrizable I.e. TVS, X G weak-V'^{F) an a.s. sep- 
arably valued random element and N a lower semicontinuous pseudo-seminorm on 
F such that N{X) < oo a.s. Assume that H satisfies Cg for some q G (0, oo] and 
if q < oo and d > 2 that all elements in U^g/7ig are symmetric. Then for all finite 
0<p<r<qwe have 



\\N{X)l<k 



■p,r,dANi^)\\p < 



where kp^r,d,f3 depends only on p,q,d and the (3's from Cg. Furthermore, in the case 
q = oo we have that F[e"^W^'] < oo for all e < d/{e2'^+^(3l\\N{X)\\l^'^). 



6 



For q = oo, Theorem 12.31 answers i n the case w here the pseudo-seminorm is lower 
semicontinuous a question raised by lBorelll (119791 ) concerning integrability of pseudo- 
seminorms of Rademacher chaos elements. This additional assumption is satisfied 
in most examples, in particular in the examples in (II. ip. Using the equivalence of 
norms in Theorem 12.31 we have by Krakowiak and Szulga (jl986l . Corollary 1.4) the 
following corollary: 

Corollary 2.4. Let F and H be as in Theorem \2.3\ and N be a continuous semi- 

d 

norm on F. Then given {Xn)n>i ^ weak-V-j-i{F) all a.s. separably valued such that 
lim„X„ = in probability we have ||A^(X„)||p for all finite p G (0, q]. 

Theorem 12.31 relies on the following two lemmas together with an application of 
Lemma [2TT] o n the Banach sp ace that is equipped with the sup norm. First, 



arguing as in iFerniqud (119971 . Lemme 1.2.2) we have: 



Lemma 2.5. Assume F is a strongly Lindelof l.c.TVS. Then a pseudo-seminorm 
N on F is lower semicontinuous if and only if there exists (a;* )„>i C F* such that 
N{x) = sup,„>i|x* for all x G F. 

Proof. The ^/-implication is trivial. To show the only ^/-implication let A := {x & 
F : N{x) < 1}. Then A is convex and balanced since iV is a pseudo-seminorm and 
closed since iV is lower semicontinuous. Thus by the Hahn-Banach theorem, see 
RudinI (|l99ll . Theorem 3.7), for a\\ x ^ A there exists x* e F* such that \x*{y)\<l 



for all y E A and x*{y) > 1, showing that 

\J{yeF:\x*{y)\>l}. 



Since F is strongly Lindelof, there exists (x„)„>i C such that 

oo 



n=l 



implying that A = {y E F : sup„>^|x* (y)| < 1}. Thus by homogeneity we have 
= sup„>iK(2/)l for all y G F. □ 

Lemma 2.6. Let n> 1, < p < q and C > be given such that 



\X\\li{P;1^) < C\\X\\lp{P;1^) < OO, 



(2.2) 



Then, for all (Xi, . . . , X^) G Vt^{W) we have that 

< C\\ max l^fclllp < oo. 



max \Xk\ 

l<k<n 



l<k<n 
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Proof. Let X e ^^(11") and choose i^k)k>i ^ I and E P^^^ (R") for A; > 1 
such that Xk X. Moreover, let Uk = ll-^i:llz"_ and U = || X||;n . Then, Uk ^ U 



showi ng that {Uk)k>i is bounded in and by (12 ■2p and iKrakowiak and Szulga 



(jl986l . Corollary 1.4), {Uf. : /c > 1} is uniformly integrable. This shows that 
\\U\\q < liminf||[/fc||q < Climinfllt/fcllp = C\\U\\p < oo, 

fc— »oo fc— >oo 

and the proof is complete. □ 

Proof of Theorem \2.3\. Since X is a.s. separably valued we may and will assume 
that F is separable. Hence according to Lemma 12.51 there exists (x*)„>i C F* 
such that N{x) = sup„>]^|x*(x)| for all x E F. For n > 1, let X„ := and 
— sup]^<^<„|^fc| . Then {Un)n>i converges almost surely to A'^(^). For finite 
0<j9<r<gletC = kp^r,d,/3- Combining Lemmas 12.11 and 12.61 show ||t/n||g < 
C||?7„||p < oo for all n > 1. This implies that {U^ : n > 1} is uniformly integrable 
and hence we have that 

||iV(X)||, < liminf||f/,||, < Climinf||f/„||p = C\\N{X)\\p < oo. 

n— >oo n— >oo 

Finally, the exponential integrability under Coo follows by the last part of Lemma l2.1l 
since 



E[e^^(^n<l + 5^||iV(X)||^:/^+ Y: {e2'^'Pl\\Nm\r/dY^' 

k=l k=d+l 



k\ 

This completes the proof. □ 



Let T denote a countable set and F = equipped with the product topology. 
F is then a separable and locally convex Frechet space and all x* G F* are of the 
form X I— > aix{ti), for some n > 1, ti, . . . , t„ G T and ai, . . . , a„ G R. Thus for 

X = {Xt)teT we have that X G weak-V'l^{F) if and only if X is a weak chaos process 
of order d. Rewriting Theorem l2.3l in the case F = we obtain the following result: 

Theorem 2.7. Assume 7i satisfies Cq for some q G (0, oo] and if q < oo and d> 2 
that all elements in U^g/Ti^ are symmetric. Let T denote a countable set, {Xt)teT 
weak chaos process of order d and N a lower semicontinuous pseudo-seminorm on 
R"^ such that N{X) < oo a.s. Then for all finite 0<p<r<qwe have 

\\N{X)\\r < kp^r,dAN{X)\\p < oo, 

and in the case q = oo that E[e^^(^)'^'] < oo for all e < d/{e2'^+^(3l\\N{X)\\l^'^). 
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For example, let T = [0, 1] n Q, {Xt)teT be of the form Xt = f{t, s) dY^ where Y 
is a symmetric normal inverse Gaussian Levy process, and N : R"^ — > [0, oc] be given 
by (II .ID . Then, is a lower semicontinuous pseudo-seminorm and X is weak chaos 
process of order one satisfying Cq for all g < 1 according to Proposition ll.3[ Thus, 
if N{X) < oo a.s. then E[N{XY] < oo for all p <l, according to Theorem [221 

Let Q denote a vector space of Gaussian random variables and 11^(11) be the clo- 
sure in probability of the random variables p{Zi, . . . , where n > 1, Zi, . . . , Z„ G 
Q and p : R" — > R is a polynomial of degree at most d (not necessary tetrahedral) . 

Lemma 2.8. Let F he a I.e. TVS and X an F -valued random element such that 
x*{X) e Tfg{R) for all X* G F*; then X G weak-V'i^{F) where H = {Hq} and Hq is 
a Rademacher sequence. 

Recall that a sequence of independent, identically distributed random variables 
{Zn)n>i such that P{Zi = ±1) = 1/2 is called a Rademacher sequence. 

Proof Let n > 1, xl, . . . ,x*^ e F* and W = {xl{X), x*^{X)). We need to show 
that W G V-j-i^{W). For all /c > 1 we may choose polynomials p^: R'^ — R*^ of 
degree at most d and Yi fc, . . . , Y^.fc independent standard normal random variables 
such that with Yk = (Yi^k, • • • , ^fc,fc) we have limk Pk(Yk) = W in probability. Hence 
it suffices to show Pk(Yk) G P^(R") for a\\ k > 1. Fix k > 1 and let us write p and 
Y for pk and Y^. Reenumerate 7io as k independent Rademacher sequences (Zi,m)i>i 
m = 1, . . . , k and set 

1 ^ 

Then, by the central limit theorem Uj Y and hence p{Uj) — > p{Y). Due to the 
fact that all ^ only takes on the values ±1, p{Uj) G ^^^^(R") for all j > 1, showing 

that G Pi(R"). □ 

The H, in Lemma [2?8l trivially satisfies Coo with /?3 = 1 and hence a combination 
of Theorem 12.31 and Lemma 12.81 shows: 

Proposition 2.9. Let F he a I.e. TVS and X an a.s. separably valued random ele- 

fi 

ment in F such that x*{X) G ng(R) for all x* G F*. Then, for all lower semicon- 
tinuous pseudo-seminorms N on F satisfying N{X) < oo a.s. we have 

||iV(X)||. < 2''/'^' i^^j mX)\l < oo, 
and E[e^^W'^'] < oo for all e < d/{e2''+^N{X)fJ''). 

The integral pility of e^^'^'^^'^^'^ for some e > is a consequence of the seminal work 



Borelll (Il978l . Theorem 4.1). However, the above provides a very simple proof of this 
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result and gives also equivalence of L^-norms and explicit constants. When F = 
for some countable set T, Proposition 12.91 covers processes X = (Xj)tgT, where 
all time variables have the following representation in terms of multiple Wiener-Ito 
integrals with respect to a Brownian motion W , 

d „ 

Xt = J2 , /(^' ^1' • • • ' ^k) dWs, ■ ■ ■ dW,^, t G T. 

fc=0 '^^+ 



The next result is known from lArcones and Gind (jl993l . Theorem 3.1) for general 
Gaussian polynomials. 

Proposition 2.10. Assume that TC = {Hq} satisfies Cg for some q G [2,oo] and 
TCo consists of symmetric random variables. Let F denote a Banach space and X 
an a.s. separably valued random element in F with x*{X) G ^^.^(IR) for all x* G F*. 
Then there exists xo,Xij^^,„^i^, G F and {Zn : n > 1} C Hq such that for all finite 
p < q 



X 



Jim (xo + J2 E 

k=l l<ii< - <ifc<n 



Xi 



a.s. and in L^{P; F). 



Proof. We follow lArcones and Ging (119931 . Lemma 3.4). Since X is a.s. separably 
valued we may and do assume F is separable, which implies that Fj* := {x* G F* : 
< 1} is metrizable an d compact in the weak*-topology by the Banach- Alaoglu 
theorem; see iRudinI (Il99ll . Theorem 3.15+3.16). Moreover, the map x* x*{X) 
from F^ into L° is trivially weak*-continuous and thus a weak*-continuous map into 
by Corollary [231 This shows that {x*{X) : x* G F^*} is compact in and hence 
separable. By definition of P^(]R), this implies that there exists a countable set 
{Zn : n > 1} C Ho such that 



x*{X) = J2 (^iAx*)ZA, 

A&Na 



m 



for some a{A,x*) G R, where iV^ = {A C N : |A| < d} and Za = UieA^i 
A G A'^^. For A G A^, the map x* ^ a{A, x*) from F* into IR is linear and weak*- 
continuous and hence there exists xa G F such that a{A,x*) = x*{xa), showing 
that 



x*{X) = lim X* { > xaZa), in 



(2.3) 



where A^ = {A G A'd : A C {1, . . . , n}}. Since F is separable, (12. 3p and lKwapien and Woyczyiiski 
(Il992l . Theorem 6.6.1) show that 



lim y xaZa = X a.s. 
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By Corollary 12.41 the convergence also takes place in L^i^P; F) for all finite p < q, 
which completes the proof. □ 



The above proposition gives rise to the following corollary: 



Corollary 2.11. Assume that H = {Hq} satisfies Cq for some q G [2, oo] and 

Tio consists of symmetric random variables. Let T denote a set, V{T) C a 
separable Banach space where the map f t-^ f{t) from V{T) into H is continuous 
for all t G T, and X = {Xt)t^T o, stochastic process with sample paths in V{T) 
satisfying Xt G P^(]R) for all t E T. Then there exists xq, G V{T) and 

{Zn : n > 1} C Ho such that 

d k 
k=l l<ii< --<ifc<n j=l 

a.s. in V(T) and in Lp{P; V(T)) for all finite p < q. 



Proof For t G T, let 6t: V{T) R denote the map / ^ fit). Since V{T) is a 
separable Banach space and {5* : t G T} C V{T)* separate points in V{T) we have 



(i) the Borel cr-field on V{T) equals the cylindrical a-field a{5t : t E T), 



(ii) {J2^=i'^i^ti : Q!i G R, ti eT, n > 1} is sequentially weak*-dense in V{Ty 



see e.g. iRosihskil (Il986l . page 287). By ^ we may regard X as a random element 

in V{T) and by ^ it follows that x*{X) G Vn{R) for all x* G V{Ty. Hence the 
result is a consequence of Proposition 12.101 □ 



Borell ( 19841 . Theorem 5.1) shows Corollary 12.111 assuming (11.61) . T is a compact 

C(T) and X G Li{P;V{T)). By assuming Cg instead of 



metric space, V(T) 

the weaker condition p. 61) we can omit the assumption X G L'^{P;V{T)). Note 
also that by Theorem 12.71 the last assumption is satisfied under Cq. When Ho con- 
sists of symrn e tric a -stable random variables and d = 1, Corollary 12.111 is known 
from IRosihskil (119861 . Corollary 5.2). The separability assuin p tion o n V(T) in Corol- 



lary ETTT] is crucial. Indeed, for all p > 1, Jain and MonradI ( 1983 . Proposition 4.5) 



construct a separable centered Gaussian process X = {Xt)t£[o,i] with sample paths 
in the non-separable Banach space Bp of functions of finite p- variation on [0, 1] such 
that the range of X is a non-separable subset of Bp and hence the conclusion in 
Corollary 12.111 can not be true. However, f or the non-separab l e Ban ach space Bi 
a result similar to Corollary 12.111 is shown in Ijain and MonradI (Il982l) for Gaus sian 
processes, and extended to weak chaos processes in lBasse and GraversenI ( 120091 ). 
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3 Proofs of Proposition 11.31 and Lemma 12.2 

Let us start by proving Proposition II .Si 

Proof of Proposition \l.Sl Assume that A is a random measure induced by a Levy 
process Y = (lt)tg[o,T]- For arbitrary A E S let Z = A{A). 

To prove the 2/-implication of (Ej) let g G (0, |) and assume that Yi = IG(/i,A). 

Then Z = lG{m{A)n,m{AfX), where m is the Lebesgue measure, and hence with 

cz = m{A)'^X we have that Z/cz = lG{fi/{\m{A)), 1), which has a density which on 
[1, oo) is bounded from below and above by constants (not depending on x) times 
gz{x), where 

gz:R+^ R+, X ^ x"^/^ exp[-x(Am(A))V(2/i^)]. 
Thus there exists a constant c > 0, not depending on A or s, such that 



E[\Z/cz 


WZjcz 


>s] 


s^PilZ/cz 


>s) 



u>0 



Using e.g. I'Hopital's rule it is easily seen that (13. ip is finite, showing (II. 4p . Therefore 
Cg follows by the inequality 

-1/2 poo 

P{Z/cz > 1) > ^= / x-^'^eM-<^Tf/{'^^^^)] dx- 
v27r Ji 



To show the only ^/-implication of ^ note that n^Yi/n — X as n oo, where X 
follows a ^-stable distribution on 1R+. Assume that Ti satisfies Cq for some q > 1/2. 
Then, by Remark [L2] there exists c > such that ||^||i/2 < c||Ft||i/4 for all t G [0, 1], 
and since : n > 1} is bounded in L° it is also bounded in L^/^. But this 

contradicts 

oo = ||X||i/2 < liminf||n^Fi/„||i/2, 

and shows that H, does not satisfy Cq. 

To show the «/-implication of (Ej) assume that Yi = NIG(a,0,0,(5). Then, Z = 

1 /2 

NIG(a, 0, 0, m(A)5) and with cz = m{A)5 we have that Z/cz = sU^ , where Uz 
and e are independent, Uz = lG{l/{m{A)6a), 1) and e = N(0, 1). For q G (0, 1), 

EllZ/czl", \Z/cz\ > s] = V2^(^ J E[\xUy^\\ \xUl^^\ > s]e-'''/^dx 

/oo 
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Using the above ^ on Uz and g/2, there exists a constant ci > such that 

r E[\xUl^^\\ \xUy^\ > .s\e-''''^dx < c^s" f P{Uz > {s/ xf)e~''' dx 
Jo Jo 

POO 

< cis'i / P{xUy^ > s)e-^'/2^x = c^V^s''P{\Z/cz\ > s). 
Jo 

Furthermore, it well known that there exists a constant C2 > such that for all s > 1 

E[\xUl^y,\xUl^^\ > s]e-"'/2rfx 

POO POO 

<E[uf] x''e-''''^dx<C2s'^E[uf] e-^^^'^dx. 

J s J s 

Since Uz has a density given by (ll.Sp it is easily seen that 

E[uf] < l + -^y^ x'^'^-^'^dx. 

Moreover, using that Z/cz = NIG(m(yl)a(5, 0, 0, 1) and that Ki{z) > e~^/z for all 
z > 0, it is not difficult to show that there exists a constant C3, not depending on s 
and A, such that 



e-^'/2 dx < csP{\Z/cz\ > s), for all s > 1. 



(3.2) 



By combining the above we obtain (ll.4p and by (13.21) applied on s = 1, Cg fol- 
lows. The only ^/-implication of ^ follows similar to the one of 1^, now using 
that {n~^Yi/n)n>i converge weakly to a symmetric 1-stable distribution, ([m]) is a 
consequence of the next lemma. □ 

The following lemma is concerned with the dynamics of the first and second 
moments of Levy processes, and it has Proposition 11.31 (Iml) as a direct consequence. 

Lemma 3.1. Let Y denote a non- deterministic and square-integrable Levy process 
with no Gaussian component. Then \\Yt\\i = o(t^/^) and \\Yt\\2 ~ t^^"^ E[{Yi — E[Yi\y 
as t ^ 0. 

Proof. We have 

E[y/] = Var{Yt) + E[Yt]^ = Var{Y,)t + E[Yi]H'', 

which shows that ||Fi||2 ~ t^/^Var{Yiy/^ as t ^ 0. 

To show that ||lt||i = o(t^/^) as t — we may assume that Y is symmetric. 
Indeed let fi = -^[^1], Y' an independent copy of Y and Yt = Yt — F/. Then F is a 
symmetric square-integrable Levy process and 

\\Yt\\i < \\Yt - fitWi + < \\Yt -fit- {Y; - + \^\t = \\Yt\\i + 
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Hence assume that Y is symmetric. Recall, e.g. from iHoffmann-JargensenI (11994 
Exercise 5.7), that for any random variable U we have 



1 



1 fl-^ipu{s) 



IT I 



ds. 



where ipu denotes the characteristic function of U. Using the inequalities 1 — < 
1 Ax and 1 - cos(a;) < 4(1 A x^) for all x > it follows that with ip{s) := 4 /(I A 
^{dx) we have 



71 I 71 



Note that ip{s) < oo since Y is square-integrable. By substitution we get 



In s"^ 



Hence to complete the proof we need only to show that 



lim / ^—^ ds = 0. 3.3 



Setting c = 4 J x"^ u{dx) we have for all e > 
lim sup / ds 



t^o Jo 

< hmsup / ^—^ rfs + hmsup / ^—^ ^ ds. (3.4) 

i^O Jo t^o J^i^ s^ 

Using that ip{x) < cx^ for x > we get 

lim sup / ^ ds<e. 3.5 

t^o Jo 

On the other hand, Lebesgue's dominated convergence theorem shows that 

^(x)x"^ = 4 / (x"^ A s^) u{dx) > 0, 



implying that t^jJ{t ^/^s) — > as t — for all s > 0. Thus another application of 
Lebesgue's dominated convergence theorem yields 

r \mt-'/h)\Al , 
hmsup / 5 ds = 0, 

t^O Je/c S 

which by ((331) and (El]) shows □ 
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Let us proceed with the proof of Lemma 12^21 



Proof of Lemma IKR Assume first that Xq, 
show: 



G R. By induction in (i, let us 



If I ^''^k < 1 for all A G [-£, e] then I ^ Xfcl < 2'^'/^+'^e~ 



(3.6) 



k=0 



k=0 



For (i = 1,2 (13.61) follows by a straightforward argument, so assume d > 3, (13. 6p 
holds for d — 1 and that the left-hand side of (13. 6p holds for d. We have 



k=0 



< 1, 



for all A G [-1, 1], 



which by iPolya and Szegol (jl954l . Aufgabe 77) shows that \xdS \ < 2 and hence 



\xd\ < 2'^e For A G [—£,£], the triangle inequality yields 

d~l d-l 

I ^ A'^a;^ < 1 + 2^ and hence |^>^ ^'^ 

fc=0 

The induction hypothesis implies 



fc=0 



2^^ 



< 1. 



5^xJ <£-('^-i)2('^-i)'+('^~^)(l + 2'^). 



fc=0 



and hence another application of the triangle inequality shows that 



fc=0 



which is less than or equal to e '^2'^^!'^^^ since c? > 3. This completes the proof of 
(TO . 

Now let Xd G Since is a seminorm, Hahn-Banach theorem (see 



RudinI (Il99ll . Theorem 3.2)) shows that there exists a family A of linear functionals 
on V such that 

A^(x) = sup|F(x)|, for all X G 
Assuming that the left-hand side of (12. ip is satisfied we have 



fc=0 



< 1, 



for all A G [-£, e\ and all F G A, 
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which by (13.61) shows 

d d 

I F ( ^ Xfc) = I ^ F(xfc) < 2'^('^-^)e-^ for all F e A. 



fc=0 



A;=0 



This completes the proof. □ 
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